8IIR Filter Design  Butterworth Filter Design
MEES &R
Sepl - r%,%f— Qc=0.5 pv= [ Butterworth XHE=E(E] Filter

*  [zpk]=buttap(N) %Matlab fEH .1y [I'/EF Qc=1 §Y N[ Butterworth %iF*( Analog)
'FUE| (Prototype) Filter

% function [b,a] = u_buttap(N,Omegac); % FE buttap(N) » 1% # i Qc FRUL 1
% Unnormalized Butterworth Analog Lowpass Filter Prototype
% [b,a] = u_buttap(N,Omegac);

% b = numerator polynomial coefficients of Ha(s)
% a = denominator polynomial coefficients of Ha(s)
% N = Order of the Butterworth Filter

% Omegac = Cutoff frequency in radians/sec
[z,p.K] = buttap(N);

p = p*Omegac;

k = k*Omegac"N;

B = real (poly(2));

b0 = k;

b=k*B;

a=real(poly(p));

* function [C,B,A] = sdir2cas(b,a); %}lé‘j H(s)ﬁlﬁ!’?“ﬂjél}iiﬁ*}fhﬁ?ﬁéﬁ“
% DIRECT-form to CASCADE-form conversion in s-plane
% [C,B,A] = sdir2cas(b,a);

% C =gain coefficient
% B =K by 3matrix of real coefficients containing bk's
% A=K by 3matrix of real coefficients containing ak's
% b =numerator polynomial coefficients of DIRECT form
% a= denominator polynomial coefficients of DIRECT form
Na= length(a)-1; Nb = length(b)-1,
% compute gain coefficient C
b0 = b(1); b = b/b0;
a0 =a(1); a= aa0;
C = b0/a0;
%
% Denominator second-order sections:
p = cplxpair(roots(a)); K = floor(Na/2);
If K¥2==Na % Computation when Nais even
A = zeros(K,3);
for n=1:2:Na
Arow = p(n:1:n+1,2);
Arow = poly(Arow);
A(fix((n+1)/2),:) = real (Arow);

end
elseif Na== % Computation when Na= 1
A = [0 real (poly(p))];
else % Computation when Naisodd and > 1

A=zeros(K+1,3);



for n=1:2:2*K
Arow = p(n:1:n+1,2);
Arow = poly(Arow);
A(fix((n+1)/2),:) = real (Arow);
end
A(K+1,:) = [0 real (poly(p(Na)))];
end

% Numerator second-order section:
z = cplxpair(roots(b)); K = floor(Nb/2);
if Nb== % Computation when Nb =0
B =[00 poly(2)];
elseif K*2==Nb % Computation when Nb is even
B=zeros(K,3);
for n=1:2:Nb
Brow = z(n:1:n+1,:);
Brow = poly(Brow);
B(fix((n+1)/2),:) = real (Brow);
end
elseif Nb == % Computation when Nb =1
B =[O real(poly(2))];
else % Computation when Nb isodd and > 1
B = zeros(K+1,3);
for n=1:2:2*K
Brow = z(n:1:n+1,:);
Brow = poly(Brow);
B(fix((n+1)/2),:) = real (Brow);
end
B(K+1,:) = [0 real (poly(z(Nb)))];
end

Matlab Program:
N=3; OmegaC=0.5; [b,a]=u_buttap(N,OmegaC); [C,B,A]=sdir2cas(b,a);
#Hf ¢ a=1.0000 1.0000 0.5000 0.1250

b =0.1250

A =1.0000 0.5000 0.2500

0 1.0000 0.5000
B= 0 0 1
C= 0.1250



Sepl : r%,%f— TRL ™ tﬂ)fﬁp’l@ Butterworth ZEF=E(E] Filter
@ﬁfé& = Qp=0.27; ﬂﬁ?ﬁi@ : Rp=7dB
ﬁE’ﬁ%} 1+ Qs=03r; ﬁi’ﬁj@gx : As=160dB
ﬁéf D HEGEFIRE RSN ]%'?f— Qc54 0.5 pu= [ Butterworth  ([]_FfF1) » JF &

x function [b,a] = afd_butt(Wp,Ws,Rp,As); % F-u_buttap F}‘[E?‘EI’%%EI@?}?{‘F}‘@?‘
% Analog Lowpass Filter Design: Butterworth
% [b,a = afd_butt(Wp,Ws,Rp,AS);
% b= Numerator coefficients of Ha(s)
% a= Denominator coefficients of Ha(s)
% Wp = Passband edge frequncy in rad/sec; Wp > 0
% Ws = Stopband edge frequncy in rad/sec; Ws > Wp >0
% Rp = Passband ripplein +dB; (Rp > 0)
% As = Stopband attenuation in +dB; (As> 0)
if Wp<=0
error('Passband edge must be larger than 0")
end
if Ws<=Wp
error('Stopband edge must be larger than Passband edge’)
end
if (Rp<=0)|(As<0)
error('PB ripple and/or SB attenuation ust be larger than 0")
end

N = cell((1og10((10N(Rp/10)-1)/(10MAS10)-1)))/(2* 10glO(Wp/WS)));
fprintf("\n*** Butterworth Filter Order = %2.0f \n',N)

OmegaC = Wp/((L0NRp/10)-D)N1/(2*N)));
[b,a]=u_buttap(N,OmegaC);

* function [db,mag,phaw] = fregs m(b,awmax); % F'FE#IE-H(V H{W)E &
% Computation of s-domain frequnecy response: Modified version
0/ o
% [db,mag,pha,w] = fregs_m(b,a,wmax);
%  db=Relative magnitudein db over [0 to wmax]
% nag = Absolute magnitude over [0 to wmax]
% pha= Phase responsein radinans over [0 to wmax]
% w = array of 500 frequency samples between [0 to wmax]
% b = Numerator polynomial coefficients of Ha(s)
% a= Denominator polynomial coefficients of Ha(s)
% wmax = Maximum frequncy in rad/sec over which responseis desired
w = [0:1:500]* wmax/500;
H = fregs(b,a,w);
mag = abs(H);
db = 20*|og10((mag+eps)/max(mag));
pha = angle(H);

% Matlab #H=V :
Wp=0.2*pi; Ws=0.3*pi; Rp=7; As=16;
Ripple=10"(-Rp/20); Attn=10"(-As/20);
% Analog filter design:
[b,a=afd_butt(Wp,Ws,Rp,As);
% Calculation of second-order sections:



[C,B,A]=sdir2cas(b,a)

% Calculation of Frequncy Response:
[db,mag,pha,w]=freqs_m(b,a,0.5*pi);

% Calculation of Impulse Response:

[ha,x,t]=impulse(b,a);

% Plots

subplot(2,2,1);

plot(w/pi,mag);xlabel ('Analog frequency in pi units);

ylabel (|H["); title('Magnitude Response');axis([0,0.5,0,1.1]);
set(gca," X TickMode','manual’,'’X Tick',[0,0.2,0.3,0.5]);
set(gca,"Y TickMode','manual’,"Y Tick',[0,0.1585,0.4467,1]);grid
subplot(2,2,2);

plot(w/pi,db); xlabel (‘Analog frequency in pi units);

ylabel (‘decibels); title('M agnitude in dB');axis([0,0.5,-30,3]);
set(gca,' X TickMode','manual’,"’X Tick',[0,0.2,0.3,0.5]);
set(gca,"Y TickMode','manual’,"Y Tick',[-30,-16,-7,0]);grid
set(gca,"Y TickLabelMode','manual’,’Y TickLabels,['30;'16";" 7';' 01)
subplot(2,2,3);

plot(w/pi,pha/pi); xlabelCAnaog frequency in pi units);
ylabel (‘radians); title('Phase Response’);axis([0,0.5,-1,1]);
set(gca,' X TickMode','manual’,"’X Tick',[0,0.2,0.3,0.5]);
set(gca,"Y TickMode','manual’,"yY Tick',[-1:0.5:1]);grid
subplot(2,2,4);

Xa=0.*t;

plot(t,ha,'b',t,xa,'k"); xlabel(‘time in second'); ylabel ('ha(t));
title('Impul se Response');axis([0,20,-0.025,0.21]);
set(gca,' X TickMode','manual’,' X Tick',[0:10:20]);
set(gca,"Y TickMode','manual’,"Y Tick',[0:0.05:0.2]);

# < . *** Butterworth Filter Order = 3

C= 0.1238
B= 0 0 1
A= 1.0000 0.4985 0.2485

0 1.0000 0.4985
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Impulse Invariance Transformation H(s) -> H(2)

function [b,a] =imp_invr(c,d,T)
% Impulse Invariance Transformation from Analog to Digital Filter

% [b,a =imp_invr(c,d,T)

% b= Numerator polynomial in z*(-1) of the digital filter
% a= Denominator polynomial in z*(-1) of the digital filter
% ¢ = Numerator polynomia in s of the analog filter

% d = Denominator polynomial in s of the analog filter
% T = Sampling (transformation) parameter

%

[R,p,K] = residue(c,d);

p = exp(p*T);

[b,a] = residuez(R,p,k);

b =rea (b"); a= real(a);

s+1
fFl: Ha(s) = P T=0.1
Matlab: subplot(1,1,1);
c=[11];d=[156]; T=0.1; Fs= 1T,
[b,a =imp_invr(c,d,T)
%%b = 1.0000 -0.8966
%%a= 10000 -1.5595 0.6065
% Impulse response of the analog filter
t =[0:0.01:3]; [haita] = impulse(c,d,t);
subplot(2,1,1); plot(t,hat,0.*t,'k"); axis([0,3,-0.1,1]);hold on
% Impulse response of the digital filter
n =[0:1:3/T]; hn = filter(b,a,impseq(0,0,3/T));
stem(n*T,hn); xlabel(‘time in sec'); title ('Impul se Responses);
hold off
% Magnitude Response of the digital filter
[db,magd,pha,grd,wd] = freqz_m(b,a);
% magnitude response of the analog filter
[db,mags,pha,ws] = freqs m(c,d,2* pi* Fs);
subplot(2,1,2); plot(ws/(2* pi),mags* Fs,wd/(2* pi)* Fs,magd)
xlabel (‘frequency in HZz'); title('Magnitude Responses);
ylabel('Magnitude);
text(1.4,.5,/Anaog filter'); text(1.5,1.5,'Digital filter")
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i - Ha(s):ST?’3 T=0.1

Matlab:
c=[3];d=[13]; T=0.1, Fs=1/T,
[b,a =imp_invr(c,d,T)
EE7AE
b= 3
a= 1.0000
-0.7408



Step2: ffi¥| s->z
ffi*'] Butterworth %Lﬁ‘J%%?ﬁﬁU‘}* *ﬂﬁ‘[ﬂ’ LP Digital Filter

wp=0.27; Rp=1dB

ws=0.37; As=15dB
Fo oL IERAIORL HRURI A ! HO Lot » i) SiepL (e - it

th Butterworth Anaog Filter H(s) » I & F i H(S)iE5Y H(2)

Matlab Program:
% Digital Filter Specifications:

wp = 0.2*pi; % digital Passband freqin Hz
ws = 0.3*pi; % digital Stopband freqin Hz
Rp=1, % Passband ripple in dB
As=15; % Stopband attenuation in dB

% Analog Prototype Specifications: Inverse mapping for frequencies

T=1, % Set T=1

OmegaP=wp * T, % Prototype Passband freq

OmegaS=ws* T, % Prototype Stopband freq
= sgrt(10MN(Rp/10)-1); % Passband Ripple parameter

Ripple = sgrt(1/(1+ep* ep)); % Passband Ripple

Attn = 1/(10MN(AS/20)); % Stopband Attenuation

% Analog Butterworth Prototype Filter Calculation:
[cs,ds] = afd_butt(OmegaP,OmegaS,Rp,AS);

% Impulse Invariance transformation:
[b,a =imp_invr(cs,ds,T);
[C,B,A] =dir2par(b,a)

% Plotting

figure(1); subplot(1,1,1)

[db,mag,pha,grd,w] = freqz_m(b,a);

subplot(2,2,1); plot(w/pi,mag); title('Magnitude Response’)
xlabel (‘frequency in pi units); ylabel('|H[); axis([0,1,0,1.1])
set(gca,'X TickMode','manual’,"X Tick',[0,0.2,0.3,1]);
set(gca,'Y Tickmode','manual’,"Y Tick',[0,Attn,Ripple,1]); grid
subplot(2,2,3); plot(w/pi,db); title('Magnitude in dB");

xlabel (‘frequency in pi units); ylabel (‘decibels); axis([0,1,-40,5]);
set(gca,'X TickMode','manual’,' X Tick',[0,0.2,0.3,1]);
set(gca,'Y Tickmode','manual’,'Y Tick',[-15,0]); grid
subplot(2,2,2); plot(w/pi,pha/pi); title('Phase Response’)

xlabel (‘frequency in pi units); ylabel('pi units); axis([0,1,-1,1]);
set(gca,'X TickMode','manual’,' X Tick',[0,0.2,0.3,1]);



set(gca,'Y Tickmode','manual’,"Y Tick',[-1,0,1]); grid
subplot(2,2,4); plot(w/pi,grd); title('Group Delay')

xlabel (‘frequency in pi units); ylabel (‘'Samples); axis([0,1,0,10])
set(gca,'X TickMode','manual’,' X Tick',[0,0.2,0.3,1]);

set(gca,'Y Tickmode','manual’,"Y Tick',[0:2:10]); grid

o
*** Butterworth Filter Order = 6
C= []
B= 18557 -0.6304
-2.1428 1.1454
0.2871  -0.4466
A= 10000 -0.9973 0.2570
1.0000 -1.0691 0.3699
1.0000 -1.2972 0.6949
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