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Problems of the matrix-Solution

1. Let
1 2 3

1 0 2
A

 
  

and
1 5 2

2 2 1
B

  
  

. Find A B , 3B , 2A B , 2A B , TA ,

( )TA B .
1 2 3 1 5 2 0 7 1

1 0 2 2 2 1 1 2 1
A B

      
              

3 15 6
3

6 6 3
B

  
  

1 2 3 1 5 2 1 9 4
2 2

1 0 2 2 2 1 0 2 3
A B

      
              

1 2 3 1 5 2 3 8 7
2 2

1 0 2 2 2 1 5 4 4
A B

       
                

1 1
2 0
3 2

TA
 

  
 
 

0 1
0 7 1

( ) 7 2
1 2 1

1 1

T

TA B
 

           
 

2. Write down the row vectors and column vectors of matrices A , B in problem 1.

 

   

1
1 2 3

2

1 2 1 2 3

1 2 3
1 0 2

1 2 3
where 1 2 3 , 1 0 2 ; , ,

1 0 2

a
A b b b

a

a a b b b

  
       

   
          

 

   

1
1 2 3

2

1 2 1 2 3

1 5 2
2 2 1

1 5 2
where 1 5 2 , 2 2 1 ; , ,

2 2 1

a
B b b b

a

a a b b b

    
       

     
              

3. Let
1 2
3 1

A
 

  
and

2 0
1 1

B
 

 
 

. Find AB and BA .

1 2 2 0 4 2
3 1 1 1 5 1

2 0 1 2 2 4
1 1 3 1 4 1

AB

BA

    
          
    

         
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4. Let
2 1 1
3 0 1

A
 

  
,

1 1 0
2 1 1
3 1 5

B
 
   
 
 

and
1 2
3 1

1 4
C

 
  
  

. Find ( )AB C and ( )A BC .

1 1 0 1 2 1 2
2 1 1 3 2 6 3 32

( ) 2 1 1 3 1 3 1
3 0 1 0 2 5 11 18

3 1 5 1 4 1 4

1 1 0 1 2 4 3
2 1 1 2 1 1

( ) 2 1 1 3 1 6 1
3 0 1 3 0 1

3 1 5 1 4 1

AB C

A BC

     
                                         

   
                         

3 32
11 18

27

 
       

 

5. Let A be an n n matrix. Define the trace of A to be the sum of the diagonal elements.

Thus, if ( )ijA a , then

1

tr( )
n

ii
i

A a




Compute the trace of the matrix
1 7 3
1 5 2

2 3 4
A

 
  
  

.

trace( ) 1 5 ( 4) 2A     .

6. Find the rank of the following matrices:

(1)
2 1 3
7 2 0
 
 
 

(2)

1 2 3
1 2 3

4 8 12
0 0 0

 
   
 
 
 

(3)
1 0 1

0 2 3
0 0 7

 
 
 
 
 

(1)
2 1 32 1 3 2 1 3

~ , rank( ) 23 217 2 0 7 2 00
2 2

                

(2)

1 2 3 1 2 3 1 2 3
1 2 3 0 0 0 1 2 3

~ , rank( ) 1
4 8 12 0 0 0 4 8 12
0 0 0 0 0 0 0 0 0

       
              
      
     
     

(3)
1 0 1 1 0 1

0 2 3 , rank( 0 2 3 ) 3
0 0 7 0 0 7

    
       
   
   
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7. Computer the following determinants:

(1)
2 1 2
0 3 1
4 1 1

 (2)
2 4 3
1 3 0

0 2 1
 (3)

1 1 2 4
0 1 1 3
2 1 1 0
3 1 2 5




(4)

2

2

2

1
1
1

a a
b b
c c

(1)
2 1 2
0 3 1 6 0 4 24 2 0 20
4 1 1

       

(2)
2 4 3
1 3 0 6 6 0 0 0 4 4

0 2 1
       

(3)

1 1 2 4
1 1 3 1 2 4 1 2 4

0 1 1 3
1 1 1 0 2 1 1 3 3 1 1 3 1 14 33 18

2 1 1 0
1 2 5 1 2 5 1 1 0

3 1 2 5


 

        




(4)

2 2

2 2 2

2 2 2

2 2

2 2

1 1
1 0
1 0

1
( )( ) ( )( )( ) ( )( )( )

1

a a a a
b b b a b a
c c c a c a

b ab a b a
b a c a b a c a c b a b b c c a

c ac a c a

  
 

 
           

 

8. Solve the following systems of linear equations:

(1)
2 1

3 2 0
4 3 2

x y z
x y z

x y z

  
  
   

(2)

4 1
2 3 0

2 3 5 0
2

x y z w
x y z w

x y z w
x y z w

   
   
    
   

(1)

31
7 7

5 51 1
7 7 7 7

12 1
7 7

5 51
7 7 12

5 1 1
7 7 12

1 1
12 12

2 1 1 1 1 3 2 0 1 3 2 0 1 3 2 0 1 0
1 3 2 0 ~ 2 1 1 1 ~ 0 7 5 1 ~ 0 1 ~ 0 1
4 3 1 2 4 3 1 2 0 15 9 2 0 15 9 2 0 0

1 0 1 0 0
~ 0 1 ~ 0 1 0

0 0 1 0 0 1

            
                      
                      

   
      
     

5 1 1
12 12 12, ,x y z





   
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(2)

7 13 1
5 5 5

3 2 1
5 5 5

7 13 1
5 5 5

16 16 3
5 5 5

16 81
5 5 5

4 1 1 1 1 1 1 2 3 0 1 1 2 3 0 1 1 2 3 0
1 1 2 3 0 4 1 1 1 1 0 5 7 13 1 0 1

~ ~ ~
2 1 3 5 0 2 1 3 5 0 0 3 1 11 0 0 3 1 11 0
1 1 1 1 2 1 1 1 1 2 0 2 3 2 2 0 2 3 2 2

1 0
0 1

~
0 0
0 0

            
                 
        
                   





 

3 5 52 1
5 5 5 16 16

7 13 1 1 1
5 5 5 16 16

3 3 3
16 16 16

16 8 25 251
5 5 5 16 48

5
24

97
48
1
3

25
48

1 0 1 0 0 1 1 0 0 1
0 1 0 1 0 4 0 1 0 4

~ ~ ~
0 0 1 1 0 0 1 1 0 0 1 1
0 0 0 0 0 3 0 0 0 1

1 0 0 0
0 1 0 0

~
0 0 1 0
0 0 0 1

       
                
         
       

                
 







5 97 251
24 48 3 48, , ,x y z w







    

9. Find the inverse of the following matrices:

(1)
3 1
1 4

 
 
 

(2)
1 3 2
2 5 3
3 2 4

 
  
   

(3)

1 1 3 1
1 0 1 2
3 0 2 1
4 2 1 16

 
 
 
 
 
 

(1)

4 1
13 13

31 31
13 13 13 13

1 4 1
13 13

31
13 13

1 4 0 1 1 03 1 1 0 1 4 0 1 1 4 0 1
~ ~ ~ ~

0 1 0 11 4 0 1 3 1 1 0 0 13 1 3

3 1
1 4



        
                    

   
       

(2)

1 3 2 1 0 0 1 3 2 1 0 0 1 3 2 1 0 0
2 5 3 0 1 0 ~ 0 1 1 2 1 0 ~ 0 1 1 2 1 0

3 2 4 0 0 1 0 11 10 3 0 1 0 11 10 3 0 1

1 0 1 5 3 0 1 0 0 14 8 1
~ 0 1 1 2 1 0 ~ 0 1 0 17 10 1

0 0 1 19 11 1 0 0 1 19 11 1

1 3 2
2 5 3
3 2 4



       
              
             

     
        
       

 
   
   

1 14 8 1
17 10 1
19 11 1

  
  
  
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(3)

1 1 3 1 1 0 0 0 1 1 3 1 1 0 0 0
1 0 1 2 0 1 0 0 0 1 2 1 1 1 0 0

~
3 0 2 1 0 0 1 0 0 3 7 4 3 0 1 0
4 2 1 16 0 0 0 1 0 6 11 12 4 0 0 1

1 0 1 2 0 1 0 0 1 0 1 2 0 1 0 0
0 1 2 1 1 1 0 0 0 1 2 1 1 1 0 0

~ ~
0 0 1 7 0 3 1 0 0 0 1 7 0 3 1 0
0 0 1 6 2 6 0 1 0 0 1 6 2 6 0 1

    
       
      
       
   
         
     
      
1 0 0 5 0 2 1 0 1 0 0 5 0 2 1 0
0 1 0 15 1 7 2 0 0 1 0 15 1 7 2 0

~ ~
0 0 1 7 0 3 1 0 0 0 1 7 0 3 1 0
0 0 0 1 2 9 1 1 0 0 0 1 2 9 1 1

1 0 0 0 10 43 4 5
0 1 0 0 29 128 13 15

~
0 0 1 0 14 60 6 7
0 0 0 1 2 9 1 1

1 1 3 1
1 0 1 2
3 0 2 1
4 2 1 16




      
         
    
          

   
  
 
    

 
 

 

 

1 10 43 4 5
29 128 13 15
14 60 6 7

2 9 1 1

    
   

  
     

10. Find the relation between 1b , 2b , and 3b such that the system
1 2 3 1

1 2 3 2

1 2 3 3

5 2
2

2

x x x b
x x x b

x x x b

  
   
   

has a

solution.

1 2

1
1 1

1 2 1 21
2 2 1 3

3 3 1
3 1 1 2 3

1 14 10
1 01 5 2 3 91 5 2 1 5 2

2 1 2
2 1 1 ~ 0 9 3 2 ~ 0 1 ~ 0 1

9 3 9
1 2 1 0 3 1 0 3 1 3

0 0 0
3

b b
b

b b
b b b b

b b b
b b b b b b b b

 
  

                     
                    

  

(1) When 1 2 33b b b  , the system has a multiple solution.
(2) When 1 2 33b b b  , the system has no solution.


